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In cosmology, the cosmic curvature K and the cosmological constant Λ are two
important parameters, and the values have strong influence on the behavior of the
universe. In the context of normal cosmology, under the ordinary assumptions of
positive mass-energy and initial negative pressure, we find the initial singularity of
the universe is certainly absent and we have K = 1. This means total spatial struc-
ture of the universe should be a 3-dimensional sphere S3. For the cyclic cosmological
model, we have Λ . 10−24ly−2. Obviously, such constraints would be helpful for the
researches on the properties of dark matter and dark energy in cosmology.
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I. INTRODUCTION
In cosmology, we have two important constants to be determined. They are the cosmic
curvature K and the cosmological constant Λ[1]. Some characteristic parameters of the
universe such as the age T , the Hubble’s constant H0, the total mass density Ωtot and so
on have been measured to high accuracy[2–7]. To determine the cosmic curvature K, the
usual method is to transform the Friedmann equation into an algebraic equation ΩK ≡
Ka˙−2 = Ωtot − 1, then the case K = 0,±1 can be judged by examining the empirical data
Ωtot > 1,= 1 or < 1. By the observational data, we have ΩK = −0.0020± 0.0047, which is
quite near the flat case and hardly to be determined. In fact, it is easy to calculate that we
always have Ωtot ≈ 1 for a young universe no matter what case of the spatial curvature is.
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2So this criterion is quite ambiguous.
The cosmological constant Λ has a dramatic history. Since Einstein introduced Λ in 1917
to get a static and closed universe, whether Λ = 0 or not has been debated many times[8]-
[12]. The dark matter and dark energy attract the attention of the scientists all over the
world and become the hottest topics, which challenge the traditional standard models of
particles and cosmology. The usual description of dark matter and dark energy is using the
equation of state P = wρ together with w = w(a) or w = w(z), and many specific models to
fit the observational data are studied[8]-[18]. However, the problem is far beyond solved[1].
Since the Friedmann equation is a dynamical equation, the constants can be hardly de-
termined by statically analysis. To examine the behavior of a dynamical equation according
to the static algebraic equation is usually unreliable and ambiguous. As shown below, we
find that the parameters (K,Λ) actually can be constrained by qualitatively analyzing the
properties of Friedmann equation under quite ordinary conditions such as positive energy
and initial negative pressure. These conditions are based on a lot of well established and
widely studied models [15–18], which are of high reliability. Under such conditions, we find
that the initial singularity actually cannot reach, and some definite constraints on the pa-
rameters (K,Λ) can be derived. The results would be helpful for the researches on dark
matter and dark energy as well as the other issues in cosmology. These results may be
somehow different from the conventional ones. If the derivation is right in logic, then we
can only check the effectiveness of the assumptions.
Some similar discussions with concrete gravitating sources were once performed by many
authors[19]-[25]. In [19–21], the nonlinear scalar filed is discussed, and the cyclic universe is
obtained. In [22], a number of exact cyclic solutions with normal dust and radiation were
obtained, and the exact solution with a ghost field and electromagnetic field was derived
in [23]. The quantized nonlinear spinor model and the trajectories were calculated in [24].
The Friedmann equation for some well-known dark energy models were translated as the
dynamics of Hamiltonian system by introducing a potential function V (a), and the evolution
trajectories are analyzed in [16].
II. NOTATIONS AND EQUATIONS
In average sense, the universe is highly isotropic and homogeneous, and the metric is
described by Friedmann-Robertson-Walker(FRW) metric. The corresponding line element
3is usually given by
ds2 = dτ 2 − a2(τ)
(
dr2
1−Kr2
+ r2(dθ2 + sin2 θdφ2)
)
, (2.1)
where K = 1, 0 and −1 correspond to the closed, flat and open universe respectively, and
τ is the comoving time. However, in this form, the solution a(τ) can not be expressed by
elementary functions, and is nonanalytic as a→ 0 (e. g. a ∝ τ
1
2 or a ∝ τ
2
3 ). Secondly, the
Friedmann equation
a˙2 = −K +
1
3
Λa2 +
8πG
3
ρma
2,
(
a˙ =
da
dτ
)
(2.2)
includes singular term ρma
2 → ∞ as a → 0, which increases difficulties in discussion[16].
This problem can be avoided by using conformal coordinate system. In this case, the line
element becomes
ds2 = a(t)2
(
dt2 − dr2 − S(r)2(dθ2 + sin2 θdφ2)
)
, (2.3)
where dt = a−1dτ is the conformal time,
S =


sin r if K = 1,
r if K = 0,
sinh r if K = −1.
(2.4)
Then the Friedmann equation (2.2) becomes
a′2 = −Ka2 +
1
3
Λa4 +
8πG
3
ρma
4, (2.5)
where the prime stands for d
dt
, and ρm is the total mass-energy density of all gravitating
sources except for the geometrical components K and Λ, but including particles, radiation,
dark matter, dark energy and so on. The total mass-energy density ρm satisfies the energy
conservation law
d
da
(ρma
3) = −3Pa2, (2.6)
where ρm and P is expressed as parametric functions of a, and a acts as parameter.
In [15], the authors ranked 10 top dark energy models and 10 modified Friedmann equa-
tions according to the Bayesian information criteria. In this paper, we are not concerned for
the effectiveness of these models, but concerned for the common features of their Friedmann
equation. The equations generally take the following form
H2 = H20
(
−Ωf (1 + z)
4 + Ωm(1 + z)
3 + ΩK(1 + z)
2 + ΩΛ + ΩX(z)
)
, (2.7)
4where
H =
da
adτ
=
a′(t)
a2
, z =
a(ta)
a(t)
− 1, (2.8)
H is the Hubble’s parameter, H0 = 70 ± 4km s
−1Mpc−1 is the present value of H , z is
the redshift and ta the present time, (Ωm,ΩK ,ΩΛ) are the dimensionless energy densities
corresponding to common matter, curvature and cosmological constant respectively. Ωf >
0 is caused by potential of fields such as spinors [24] and the Casimir effect of massless
scalar[15], ΩX(z) > 0 stands for the energy density of other dark matter and dark energy as
well as the effects of modification of general relativity, which is different from the previous
terms. Since (2.7) is actually a dynamical equation which can not be analyzed as algebraic
equation, substituting (2.8) into (2.7), we convert it into the dynamical from. More generally,
the corresponding Friedmann equation should take the following form
a′2 = F (a), F ≡ −ρf + 2Ra−Ka
2 +
1
3
Λa4 +X(a), (2.9)
where ρf > 0 corresponds to negative potential of fields, R corresponds to the total comoving
mass-energy density including mass-energy density ρ0 of particles and dark matter, which
is a constant[24]
R =
4π
3
̺m, ̺m = ρ0a
3. (2.10)
X(a) corresponds to the unknown parts of the dark matter and dark energy, which is different
from the previous terms and usually take small values. The following discussion shows, the
concrete form of X(a) is not important, and only its asymptotic properties as a→ +0 have
influence on the results.
By (2.9) we find R is the mean scale of the universe, which can be used as length unit.
Comparing (2.9) with (2.5), we get total mass-energy density in the usual sense
ρm =
3
8πGa4
(
F (a) +Ka2 −
1
3
Λa4
)
, (2.11)
=
3
8πGa4
(−ρf + 2Ra+X(a)) . (2.12)
Substituting (2.12) into (2.6), we get the pressure
P = −
1
8πGa4
(ρf +X
′(a)a−X(a)) . (2.13)
Obviously the derivatives of pressure and potential correspond to ordinary forces which
should be finite, so P should be at least continuous. Then by (2.13) and the continuity of
pressure P , we have at least X(a) ∈ C1.
5III. ASSUMPTIONS AND ANALYSIS
The following discussion is based on Friedamnn equation (2.9) and two assumptions upon
energy density ρm and pressure P . By their physical meaning and the observational facts,
we have two conclusions:
A1. The total mass-energy density is always positive, namely
ρm > 0, (∀a > 0). (3.1)
A2. The pressure P < 0 when the universe is small,
P < 0, (a→ +0). (3.2)
(3.1) is a result of positive definite Hamiltonian of matter or positive energy of matter,
and (3.2) is an observational fact. In cosmology, although we call P pressure, but it is
actually a variable not only including the usual positive term
∑
mnu
k
nu
l
nδ(~x−
~Xn)
√
1− v2n
corresponding to thermal movement of micro particles, but also including the potentials of all
fields[15, 24]. So P < 0 is reasonable in physics. For example, the nonlinear spinors[26, 27]
and most famous dark energy models[15] all include negative pressure. (A1) and (A2) are
the basic assumptions for the following discussion.
In what follows we prove
F (a) < 0, (a→ +0). (3.3)
In the case of |X(0)| <∞, by the condition (A2) P < 0(a→ 0), we have
P → −
1
8πGa4
(ρf −X(0)) < 0. (3.4)
Consequently, by the definition of F (a) in (2.9), we get
F (0) = −ρf +X(0) < 0. (3.5)
In the case of X → X0a
−n, (a → +0, n > 0), which corresponds to some nonlinear
potentials[26, 27], we have
P →
(n+ 1)X0
8πGa4+n
, (a→ +0). (3.6)
by P < 0 we find X0 < 0. According to the definition of F (a) in (2.9), we get
F →
X0
an
< 0, (a→ +0). (3.7)
6Then we prove (3.3) holds in all cases.
(3.3) implies an important conclusion: The evolution of the universe can not reach
the initial singularity. Now we check this result. For the practical solution of Friedmann
equation, we should have F (a) = a′2 ≥ 0. By (3.3) and the continuity of F (a), the equation
F (a) = 0 certainly have a positive root
0 < a0 ≈
ρf
2R
≪ R. (3.8)
If F (a) = 0 only has this positive real root a0, then F (a) can be expressed as
F (a) = (a− a0)A(a), (A > 0, ∀a ≥ a0). (3.9)
If F (a) = 0 has a series of different positive roots 0 < a0 < a1 < a2 < · · · , then F (a) for the
practical universe can be expressed as
F (a) = (a− a0)(a1 − a)B(a), (B > 0, a0 ≤ a ≤ a1). (3.10)
Since Friedmann equation is an equation in average sense, the multiple roots are meaningless
in physics.
The connected phase trajectories a ∼ a′ of dynamical equation (2.9) with (3.9) or (3.10)
are displayed in FIG.1, in which we have set the mean scale R = 1. (3.10) corresponds to
the cyclic cosmological model, and (3.9) to the noncyclic one. We set the time origin t = 0
at the turning point a(0) = a0. Form Fig.1 we find the initial singularity is absent, i.e. a
can not reaches 0 point.
Substituting (3.9) or (3.10) into (2.11) and letting a = a0, we get a decisive criterion for
K. In both cases, we have
ρm(a0) =
3
8πGa20
(
K −
1
3
Λa20
)
> 0. (3.11)
Since Λ ≥ 0 in cosmology, by (3.11) we certainly have K = 1 due to ρm > 0. Then we
get another conclusion: The space of the universe should be a closed 3-dimensional
sphere S3.
In the cyclic closed case (3.10), we have an estimation of upper bound for the cosmological
constant Λ. Substituting (3.10) into (2.11) and letting a = a1, we have
ρm(a1) =
3
8πGa21
(
1−
1
3
Λa21
)
> 0. (3.12)
Consequently, we get
0 ≤ Λ <
3
a21
≈
3
4R2
∼ 10−24ly−2. (3.13)
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Figure 1: The phase trajectories of Friedmann equation (2.9)
Then we get the third conclusion: For the cyclic cosmological model, we have a tiny
or vanishing Λ . 10−24ly−2.
The noncyclic model with closed space and positive Λ can not be ruled out by similar
qualitative analysis. However such model might be inconsistent with the isotropy and ho-
mogeneity of the present universe, because the universe should be heavily anisotropy and
inhomogeneity before the turning point t < 0 due to the lack of initial causality among
remote parts, and some information should be kept today.
IV. DISCUSSIONS AND CONCLUSIONS
To sum up, by qualitatively analyzing the dynamical behavior of the general Friedmann
equation and the relations between parameters, we can get some definite constraints on
(K,Λ). We find that only the cyclic and closed cosmological model with a tiny or vanishing
Λ is natural and reasonable in physics. The other cases may include nonphysical effects
or contradictions. These constraints would be helpful for the research of some issues of
cosmology. Unless the conditions (3.1), (3.2) or Friedmann equation is violated seriously,
the conclusions are certainly right.
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